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ABsTrRACT. Given tuples of SLa-matrices, one can look at which functions
in their coordinate ring do not change when we simultaneously conjugate the
matrices: these are called the invariant functions. Our interest in this topic
is motivated by the fact that these tuples occur as the so-called “monodromy
group” of certain linear differential equations.

We will look at these invariant functions from three different perspectives.
First, we employ classical invariant theory to find the structure of the space
generated by these invariant functions. Next, we use geometric invariant theory
to give a geometric interpretation of this invariant space. Finally, we place the
results in the more general setting of representation theory by looking at the
structure of the space of matrices as a SLo-representation.
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Introduction

0.1. Motivation

In this section we give a motivation for the subject of this thesis from the
theory of differential equations. Understanding this motivation is not necessary to
read the rest of the thesis, so the reader not intereted in differential equations may
skip directly to section 0.2. The definitions in this section are mainl y from [3,
p.113-116] and [13].

Suppose we are given an order 2 linear ordinary differential equation (ODE):

d*y dy

where A;(t) are fractions in ¢. We can consider ¢ to be a point in the Riemann
sphere T = C U {co} by substituting v = ¢~! in the case t = co. Let S = {t €
T| A;(t) =0 Ji}. Then one can solve this ODE for y as an analytic function of ¢ in
a small neighborhood of any ¢y € T exactly when t; € T\S: in this case, we have
a two-dimensional space of linearly independent solutions of the ODE, and we can
form a basis y1,y2 and consider the matrix

M= ( v 2 )
Y1 Y2
Now we can consider the so-called “fundamental group” of T\\S in the point
to, denoted 71 (T\S,tp). This is the group of closed loops starting at ¢y (functions
A1 [0,1] — T\S such that A(0) = A(1) = t9) modulo homotopy. If we have
n singular points, we get a free group with n generators g;. However, if we run

around all singularities once, due to the spherical structure of the Riemann sphere,
this is equivalent to running around no singularities at all, so we see that

+A2(t)y:0,

(0.1.1) m1(T\S, tg) = (free group on g1, ..., gn)/(g192.--9n = 1),

or, equivalently, it is the free group on n — 1 generators.

Now given a point ¢y and basis M of the solution space of the ODE. Given a
loop A, we can analytically continue any solution y to the ODE along this loop,
giving us a basis of the solution space at any point on the loop. Denote this basis
by M (to, M, A,t). It is known that if A is a trivial loop (i.e., one that does not run
around some s € S), then M (to, M, A, 0) = M (tg, M, \, 1).

However, if we run around some singularity, then generally this is not the case:
M (to, M, A, 1) gives a different basis of the solution space at ty. Since the value
of M(to, M, 1) we get only depends on the homotopy class of the loop A, this
defines a map 71 (T\S,t9) — GL2(C). Under suitable conditions for the ODE, one
can show that in fact the detM =1, so it is a map 71 (T\S, tg) — SL2(C).

Something not quite right here: is the map by change of basis (but then always
in SL_2), or to the basis itself (but then we cannot divide out SL_2)?

Now in light of (0.1.1), we can represent m1(T\S, o) as an element of

{(A1, As, ..., Ay) € SLY| Ay Ay Ay, = 1}

7



0.3. BASICS OF INVARIANT THEORY 8

, or equivalently, as an element of {(A;, Ay, ..., A,,) € SLY'}. But as this result
depends on the choice of the initial basis M, for any change of basis @), we want to
have the equivalence under simultaneous conjugation

(Ars s Apr) ~ (QAIQT, ., QAL Q7).

Thus, we are motivated to look at the equivalence classes (the so-called orbits)
under the relation ~ above:

(0.1.2) {(A1, Ay, s Ay y) € Sy~

Seeing simultaneous conjugation as an action of SLs on SL’QL*I, this is the so-called
orbit space of SL;‘_1 under the action of SLy. Interpreting this orbit space is the
central topic of this thesis.

0.2. Overview

The goal of this thesis is to study the object (0.1.2). We will do this in several
different ways.

First, we will use invariant theory. This means we look at the coordinate ring
of the variety S of tuples of S'Ls matrices, and see what functions in this coordinate
ring are invariant under SLs, i.e., which functions give the same value for a point
p € S and its conjugates g - p for all g € SLs. These functions thus assign a value
to a given orbit, and they can be used to tell several orbits apart. The invariant
functions gives rise to the algebra of invariants: an algebra consisting of all invariant
functions on S. In Chapter 1, we calculate this algebra of invariants.

The space we studied using invariant theory is an affine space. However, for the
remainder of the thesis, we want to work in a projective space to say more about
geometric aspects of the problem. Therefore, we need to embed the space S into
projective space. We can then construct a cover of large parts of this projective
space and calculate the invariants on this cover. We do this in Chapter 2.

Next, we use geometric invariant theory. This will allow us to actually construct
a "quotient" that assigns a geometric meaning to the notation (0.1.2) in terms of
morphisms from stable and semi-stable points to a quotient space. We also compare
our findings on (semi-)stability of points to the results on the algebra of invariants
found earlier. This is done in Chapter 3.

Finally, we will consider the action of SLy on our space in the more general
setting of representation theory. We describe how the action of SLy looks like as
a representation, and see how we can apply Geometric Invariant Theory in this
general setting. This is done in Chapter 4.

0.3. Basics of invariant theory

The main sources of the definitions in this section are [11], [14], [4, pp.30-52]
and [5].

0.3.1. Coordinate ring. Let £ be an infinite field, and W a finite-dimensional
k-vector space. A function f : W — kis called polynomial if it is given by a polyno-
mial in the coordinates with respect to a basis of W. Since a basis transformation
causes a linear transformation of the basis vectors, this definition is independent of
what basis we choose.

Now, by k[W] we denote the k-algebra of polynomial functions on W; we call
this the coordinate ring of W. If wy, ..., w, is a basis of W and 1, ..., x,, is the dual
basis of W*, i.e., the coordinate functions, then k[W] = k[z1, ..., zn].

This definition can be extended to the case where we have a coordinate ring
not of a vector space, but of a general (affine) variety. Suppose we have an affine
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variety V defined as the zero set of a set of polynomials, S C k[z1, ..., 2,):
V=Z(S)={xzecA"|f(z)=0Vf e S}
Then define the ideal of all functions vanishing on V:
I(V)=A{f €k[z1,...xn]| f(x) =0Vz € V}.
The coordinate ring of the variety V, denoted k[V], is then the quotient
klV] = klz1, ..., xn]/I(V).

0.3.2. The Zariski topology. One can define a topology called the Zariski
topology on an affine space or variety. In this topology, the closed sets are defined
to be the zero sets of subsets S C k[x1, ..., Zy]:

V =Z(S)={x e A"| f(z) = 0 ¥f € S}.

Since Z(V) = Z(I(V)), and every ideal in k[z1, ..., z,,] is finitely generated, without
loss of assumption we can assume that the defining set S is finite. If we have a
variety V', we can define its Zariski topology as the subspace topology of the affine
space it is embedded in, or, equivalently, we can define its closed sets as the zero
sets of subsets S C k[x1,...,z,]/I(V). The following two lemmas indicate how the
Zariski topology can be used:

LEMMA 1. Given a variety V and non-zero f € k[V]. Then the set A = {x €
V| f(z) # 0} is Zariski-dense in V.

PROOF. Suppose the set A was contained in some closed subset V(S) C V and
let g € S C k[V]. Then clearly fg = 0. But since f is non-zero, then g must be the
zero function. So in fact we must have B = V. O

LEMMA 2. Given a variety V and a subset A C V' Zariski-dense in V. Suppose
that for some p € k[V], p(a) =0 for alla € A. Then p = 0.

PROOF. Suppose p is not the zero function, then A C V(p) C V, contradicting
the Zariski-denseness of A. O

The Zariski topology on a projective space or variety V is simply defined by
taking the subspace topology for V' C P" as a subspace of A"*1. The same de-
scription of closed sets applies as above, except that the subsets S C k[z1, ..., Zny1]
need to consist of homogeneous polynomials.

0.3.3. Representations, modules. Let W be a n-dimensional vector space
over k. Suppose we have a group G and a group homomorphism p : G — GL(W)
GL,(k), then p is called a representation (of dimensionn) of G on W. This induces
a linear group action of G on W via g - w = p(g)w; W is then said to be a kG-
module. Conversely, if we have a kG-module (that is, a linear group action of G on
W), then this gives a representation by letting p(g) be the map w — ¢ - w. Thus,
we can use the terms "representation of G" and "kG-module" interchangeably.

Given kG-representations V, W of dimension m,n, their direct sum V& W and
tensor product V' ® W are naturally kG-representations of dimension m + n, mn

by the group actions
g-(w,w)=(g9-v,9-w) g-(vOW)=(9-0)® (9-w).

A morphism between representations is a is a linear map ¢ : V' — W such that
g-d(x) = ¢(g-z) for all g € G, z € V. Two representations V, W of G are equivalent
if this morphism is an isomorphism.
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0.3.4. Invariants. Suppose W is a G-representation. A function f € k[W]
is called G-invariant if f(g-w) = f(w) for all ¢ € G, w € W. The invariant
functions form a subalgebra of the coordinate ring of W which is called the algebra
of invariants. We denote this by k[W]“ (where the action of G on W is understood
implicitly).

We can also phrase this differently: the G-action on W induces a G-action on
E[W] and f € k[W] is G-invariant if g - f = f.

EXAMPLE 3. [5, p.3] Let G = k*, W = k? with coordinate ring k[W] = [z, ],
p(t) = (3 t91 ) Then clearly the invariant functions are linear combinations of
elements of the form xFy*: k[WF" = k[zy].

Now suppose that in addition we have an affine variety defined by some poly-
nomials S C k[z1, .., z,]:

V=2(8)={zeA"|f(z)=0Vfe S}

Suppose, also, that V' is closed under G (i.e., g-v € V for all g € G, v € V).
A function f € k[V] = k[z1,...,2,]/I(V) is then similarly called G-invariant if
f(gv) = f(v) forall ge G,v e V.

The equivalent formulation also holds here: the G-action on V induces a G-
action on k[V] by g-(f+I(V)) = g-f+1(V) (one can easily check well-definedness),
and then f € k[V] is called invariant if g - f = f for any g € G.

The field of invariant theory, then, is concerned with finding this algebra of
invariants for a given group and variety. A result in which the generators of this
structure are given, is called a first fundamental theorem for the algebra of in-
variants; a result in which the defining relations are described is called a second
fundamental theorem (if there are none, then the algebra is called algebraically
indepenent).

0.4. Notation

In our case, we are interested in the representation we get by simultaneously
conjugating tuples of matrices. In the remainder of this text, let Msx2 denote the 4-
dimensional vector space over C of 2 x 2 matrices. Also, let My be its 3-dimensional
subspace of traceless matrices, and let SLy be its subvariety

b
Sh{<zd>eMwﬂwm%.

Consider the action of SLy on Masyo by conjugation (which we will denote by ©):
go M = gMg~!', where the multiplication on the right hand side is just matrix
multiplication. Note that both SL,; and Mj are closed under this action.

We are interested in tuples of matrices in SLsy; we write

The action of SLy then extends to these tuples by simultaneous conjugation; for
instance, on SL5 = SLy x ... x SLy the action becomes

go (My, ..., My) = (gMig™", ..., gMyg ™).

When we write down k[V]9T2 for some coordinate ring coming from a tuple of
matrices, it is understood that this is the action of SLs on V. In this notation, the
object we will study with invariant theory can be written as C[SLJ']SLz.
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CHAPTER 1

Invariant theory

In [1], a complete description of C[MJi?,]°L2 for any k by means of first and
second fundamental theorems is given.

In this chapter, we adapt the methods used in [1] to obtain first and second
fundamental theorems for C[SLJ']5F2. First, in section 1.1, we indicate how we
can obtain descriptions of both C[SLT]*F2 and C[MJ%,]°%2 by first determining
C[Mf)5E=,

Next, in section 1.2, we do this for the case m = 2: by elementary means
we can calculate C[My @ My]°L2 and then determine C[Mayo @ May2]*F2 and
(C[SLQ S5 SLQ}SLQ.

For the case m > 3 we can use classical results on invariants of SO3 matrices.

In section 1.3 we give these classical results and derive descriptions of C[Mg"]%%2,
C[M3 ]2 and C[SLy" 51>,

1.1. Traceless matrices

A standard trick that is often applied in the invariant theory of matrices as
S Lo-representations is to write Mayo = My @ C as a sum of vector spaces. Now
note that since S Ly acts trivially on Ald, we can make My @ C a SLs-module by
go(M,t)=(gMg™",1)
and this will make M° @ C isomorphic to Mays:
LEMMA 4. Under the following isomorphism ¢, one has Msoyo = My & C as

S Lo-representations:

TrM
(1.1.1) M& - 2

I, TrM).
PRrOOF. We just need to show that the following diagram commutes:
Myws —2— MyaC
lm lao
Myyy —2— My & C.

But this is easily seen because

-1
plaoM) = (aMa_l - % I, Tr (aMa_1)>
_ (a (M - TrQM -I) a—l,TrM>
TrM

= a<><M— ~I,TrM>:a*¢(M).

12
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Let us now consider the coordinate ring C[My & C] = C[My] ® C[t]. Note that
SLy acts on C[Mp] in the usual way, and it acts trivially on C[t]. But then clearly
we must have

C[My @ C]°L2 = C[M,y)5T2 ® Clt).
We note that the isomorphism ¢ also induces an isomorphism between the coordi-
nate rings C[My @ C] and C[M3xs], so:

(1.1.2) C[Mayo]*F2 =2 C[My]°L2 © C[t].

We can also generalize the reasoning by which we obtained (1.1.2) to tuples of
matrices. Let us first introduce some notation for the coordinate rings we will use
throughout this chapter.

For Mg, let a;, b;,c; for 1 < i < m be the coordinate functions of this vector
space forming generic matrices

o a; bl
vi= G —ap )

Thus, we can talk about C[M{"], Cla1,b1,c1, .oy Gmy by €] O Clyr, ..., Y] inter-
changeably. We denote by t; for 1 < ¢ < m the coordinate vectors of the C’s we
get from (1.1.2).

For M., let al,b},c;, d; for 1 < i < m be the coordinate functions forming

(R it ) (2
generic matrices
a; b
T = )
' ¢ d

For SLYI", the notation is the same as in the case of M7}, except that we are
working in a subvariety. So the coordinate ring we consider is

C[SLY] = Clz1, ..., zm]/(I); (I) = (detzy —1,...,det 2, — 1).

So, what happens in the case m > 1?7 Lemma 4 is obviously also true for tuples,
so we have the following isomorphism:

ML, — M"eC®™
1
1.1.3 M17...,Mm = M1 - *TI“Ml . I, ...,TI‘Ml,...,TI“Mm .
2

This induces C[MJ7%,] =2 C[M{"] ® C[t1, ..., tm], and, reasoning as above, we imme-
diately obtain the following result:

PROPOSITION 5. We have an isomorphism of SLa-modules:
C[M3%5]%"2 2 C[MF%" @ Clty, oyt
The identification is induced by (1.1.3).
In the SLs case, the result is slightly more involved:
PROPOSITION 6. We have an isomorphism of SLa-modules:
C[SLy%" = (C[MF%" @ Clty, ooy tm]) /(17),
where
(I') = (dety, + itf —1,..., dety,, + itfm —1).
The identification is induced by (1.1.3).
PrOOF. We have the same generators of the coordinate ring as with Msys, but

they are divided out by the ideal

(I) = (detxy — 1,...,det x,, — 1).
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One verifies that under ¢, this ideal gets translated to the ideal

(I') = (dety; + itf —1,...,dety,, + itfn - 1),

so we have the SLy-module isomorphism
CISLY] = (CIMP) @ Clt, e tin]) /I

Now by eliminating higher powers of the ¢; using the ideal, we can write

CISLY| 2 CIM'@(1®t) ®...® (1 & tn),
and again, we note that SLs just acts on C[MJ"], so

CISLy) 2 =2 CIMI* 2 @ (1@ 4) @ ... ® (1 © ty).

Introducing the ideal (I') again we get our claim. O

We note some identities that will be useful later on:

LEMMA 7. Under the isomorphism ¢ : CIM{"] @ Cltm, ..., tm] — C[MI%,] in-
duced by (1.1.3), we have

o)) = Trxy
1
&(Tryiy;) = Trege; — 3 Trx; Trx;
A Tr(yiysue — vivry;)) =  Tr(xiw;z, — vxR0)).

PROOF. One verifies this just by direct computation, e.g.:
1 1
M Tryiy;) = Tr((w — §Tmi ) (xj — ?I‘mj 1)

1 1 1

1
= rI‘I‘(EZ'iEj — iT‘I“TZ’I‘HC]

1.2. Two 2 x 2 matrices

Now, we will calculate the algebra of invariants for My @ My. This proof is a
more detailed version of the one found in [5, p.21]. We will prove the following:

PROPOSITION 8. C[My® M) = C[Try,y2, Try?, Try2], and these generators
are algebraically independent.

PRrROOF. First of all, we prove algebraic independence. Consider the following
evaluation homomorphism:

Cla1, b1, c1, azba, ca) 4, Clv, p,y Al
a; +— v
(1.2.1) by — u
as — A
c1,b3,c0 +— 0.

Note that under this homomorphism, Tr y? — 2v2%; Trys — 2X; Tryiys — p.
Suppose there was was a non-trivial relation between TrA2, TrB?, TrAB: then
this would translate under ¢ to a non-trivial relation between 2v2, 2)\, u. But
these three elements are clearly algebraically independent in C[v, u, A], giving a
contradiction.
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Next we prove that any invariant function is a polynomial in these three traces.
So let F' € Clay,b1,c1,a2,b2,c2] be an invariant function. Let us consider the
following evaluation homomorphism:

Clay, b1, c1, az, ba, 3] 2, Cla, ¢, t]
a — t
bi,c1 — 0
as +— a
by — 1
ca +— c

Hence we get ¢(F') € Cla, ¢, t]. But now notice that for any a,c # 0, # 0 € C, we
have

(e %60 )e (" ) (2 L )=(C ) 0))

Because F' is invariant under conjugation, evaluation of ¢(F') in the second matrix
pair must give the same result as evaluating in the first matrix pair, ie, we have

o(F)(a,c,t) = ¢(F)(—a,c,—t)
in the ring C[a, ¢,t]. Hence ¢(F) is a polynomial in a?, at, t* and c. But we note
the following identities:

1 1 1
t? = ¢(§Tryf); a’+c= ¢(§Try§); at = ¢(5 Tryys);

1
$(Tryt)e = ¢(5 Tryi Trys — (Tryiya)?),
so that for certain k > 0 and P € C[Try?, Try3, Try;y2] we have

(1.2.2) ¢((Try?)") - ¢(F) = ¢(P).
We need the fact that the set
M = {(A,B)e M3 |3Q € SLsy,a,c#0,t #0€C:

Q(A7 B)Q_l = ((t 7t> ’ (Z —1a))}
is Zariski-dense in M§. We prove this rather technical fact in Lemma 9 below. Now
take any p = (A, B) € M’, then p is conjugate to a point p' = ((§ %), (2 %,)) €
M’ in diagonal form, so:

(TrA2H*F)(p) = (TrA2H*F)(p') (invariance of F')
= ¢((TrA%)*)¢(F)(a,c,t) (definition of @)
= ¢(P)(a,c,t) (1.2.2)
= P(p) (definition of ¢)
= P(p) (invariance of P),

but then by Lemma 2, the Zariski-denseness of M’ implies that this holds as a
polynomial equation on the whole of Mg:

(1.2.3) (Try?)*F = P.

Thus, so far, we have established that

F € C[Try?, Try3, Try1yo, | N Clay, by, c1,az,ba, ca].

1
Try?
Now on the one hand, F' is just a polynomial 6 variables; on the other hand, it can
be a fraction in Try; 2 which would have some asymptotic behaviour. We would
like to conclude that in fact this fraction cannot occur, so we have a polynomial
F € C[Try?, Try3, Try, 2], finishing our proof.
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First, write F' as a Laurent polynomial in Try3:

k
k
F=Y fi-(Try?)"; fi € C[Tryrya, Try3)],
i=io
and suppose that iy is negative. If we apply the evaluation homomorphism 1 from
(1.2.1) to F, we get

k
WF) =S f (22" € Clu Nw): f = (fi) € Clu, Al

i=ig
Now, since f; was nonzero, we can choose i, \ so that fio (ﬂ,j\) # 0. Now apply
the evaluation homomorphism x : @+ f; A — A, then

k
(W) = 3 fi(i ) - (22)" € C).
i=1ig
so we have constructed a function in x(¢(F')) € C(v) which by construction tends
to o0 as v tends to 0.

However, we also had F € Clay, b1, c1,a2,b2,¢2], so in fact ¥(F) € Clv, p, Al
and x(¢(F')) € C[v]! This contradicts the asymptotic behaviour that we just es-
tablished! So in fact, ip cannot be negative, and F' € C[Try?, Try3, Try;ys] as we
wanted to show. O

We are just left with the technical lemma we had:
LEMMA 9. The set
S = {(A,B)e MZ|3Q € SLa,a,c#0,t Z0€ C:
QMBI = ((" =) (2 2))}
is Zariski-dense in MZ.
PRrROOF. First let
S" = {(A, B) € MZ | A has two distinct eigenvalues}.

It is standard that this set is Zariski-dense in S: as a defining equation for Lemma
1 we can use the fact that the discriminant of its characteristic polynomial must be
non-zero.

Now we consider the subset

S" ={(A,B) € S’ | TtA*TrB? — (TrAB)* # 0}.

This set is obviously Zariski-dense in S’ and hence in S; we claim that this is the
set we need.

For let us consider a tuple (A, B) where A has distinct eigenvalues. Then for
some matrix @,

Q(A,B)Q1—<(t _t),<i ’ )) L£0.

TrA*TrB? — (TrAB)? = (2t%) (2% + 2bc) — (2at)?
= 4a*t* + 4t%bc — 4a*t* = 4t%be.

Now,

Then for this to be non-zero, we need b, ¢ # 0.

But now we note that in choosing @ to diagonalize A, we have a degree of
freedom that enables us to multiply b with a non-zero constant p?; ¢ then gets
multiplied with =2, So in fact we can make b =1, ¢ # 0, so (4, B) € S, and we
are done. O
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But now Propositions 5 and 6 allow us to translate these results to C[M2, ,]512
and C[SL2]5Lz:

COROLLARY 10. C[Myxo® Moys] 2 = C[Trry, Tre, Trrixs, Tra?, Trrd), and
these generators are algebraically independent.

Proor. By Proposition 3,

C[Maxa ® Mays]5%2 = C[MI%%2 ® C[t;] ® Clta].
= C[Try1y2, Try?, Try] @ C[t1]. ® C[ta).

Now, translating this ring under the isomorphism (1.1.3) and using Lemma 4, we

get the required result. O

COROLLARY 11. C[SLy @ SLo]°"? = C[Trxy, Trxy, Trrqxs), and these genera-
tors are algebraically independent.

PRrROOF. By Proposition 6, letting (I’) = (dety; + 1t} — 1,detys + 113 — 1), we
have:
C[SL3%" = (C[Mg]®"* @ Clh] @ Clta]) /(I),
= (C[Tryry2, Try, Trys] @ Clts] © Clta]) /(I'),
(C[Tryly2a tla t2]7

where for the last isomorphism we eliminated Try? by noting the following equality
in (C[Try1ys, Try?, Try3] @ Clta] @ Clt2]) /(I'):

1%

1
Try? = —2dety; = 51‘,? -2

Using the isomorphism (1.1.3) and Lemma 4, we get the required result. d

1.3. The general case

We now calculate C[MF]L2 for any k > 2. We do this by using classical results
on invariants of SOsz-representations.

First we introduce these classical results; in the second subsection, we use them
to determine (C[M(ﬂsh. The approach taken here is a slight adaptation from the
the one presented in [1]. In the third subsection, we apply these results, much like
before, to find C[M}, ,]°L2 and C[SLL]L2

1.3.1. Invariants of orthorgonal groups. Let V,, be a n-dimensional vector
space with basis {ej,...,e,}. Define the non-degenerate, symmetric bilinear form
called the dot product by:

<Z Vi€, Z wiei> = Z V;W; .

Let O,, be the group of matrices g € GL(V,) so that (g-z,g-z) = (z,z) for all
x € Vj; this is well known to be equivalent to the matrix satisfying GG = I.
These matrices have determinant +1; the subgroup SO,, consists of those matrices
with determinant 1.
Now for vectors v; = (v;1, .., Vin) and w; = (w41, .., Wiy ), we define
V11 V21 -t Uni
V12 Un2
Ay (v1,09,.,0,) = det(vy, .., v,) = : N

Vin UV2n **° Unn
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<’01,'UJ1> <’01,’U}k>

<U2;w1> <U27wk>
I‘k(vl, ...,vk|w1, ...,wk) = det ((vi,wj> ‘i,j:l _____ k) =

<vkawl> <vkawk>

The vector space V)" is a SO,,- or O, -representation by letting the groups act
diagonally on m copies of V,, by matrix multiplication, and the first and second fun-
damental theorems of invariant theory for C[V;™]%* and C[V,;™]%“~ are well-known;
for example, in his classical work [10], Weyl gives both the First Fundamental The-
orem ([10, p.53]), and the Second Fundamental Theorem ([10, p.75]), albeit he
works only over the real numbers. In [1], we find them stated as follows.

We introduce the following notation: let v; ; be the coordinate functions for
the ith copy of V,in V7"

THEOREM 12. (The fundamental theorems for C[V,"]9" ) Consider C[V,]On.

(i) Its algebra of invariants is generated by (v;,v;) for 1 <i,j < m;

(i1) the defining relations for the algebra of invariants are (1 < ip < iy < ... <
in <m; 1 <jo<ji<..<jn<m):

FnJrl(Uiov Uiy s oees Vi |Uj07 Vg5 vees ’an) =0.
Similarly for SO,,:

THEOREM 13. (The fundamental theorems for C[V,™]%9n ) Consider C[V,7]5On.

(i) Its algebra of invariants is generated by the generators of C[V,"]%" and
A(Vi), Vigy ooy 03, )C[V O 01 <y <o < iy <y

(i1) the defining relations for the algebra of invariants are

An(uil, ...,uin)An(’Lle, ...,an) - Fn(uil, ...7Uin‘u]'1, "'7U’jn) =0

(1<iy <o <ip<m;1<j; <..<jnp<m)
n

Z(—l)k <’LLZ‘,’Lij> An(ujm ...7’lfj\k, ...,’U,jn) =0
k=0

1<jo<jp<..<jn<m
(here, wj;, means that this uj, is removed from the expression).

Note that for SO,, we do not need the defining relations for O,,: it turns out
that these relations already follow from the relations mentioned in the Theorem for
SO,,.

1.3.2. Connecting the actions of SO3; and SL,. In section 1.3.1, we con-
sidered the invariant functions on V,;* under the action of SO,,.

Let us now look at the the case of SO3 acting on V3. We can identify this
vector space with the space M{", and fix basis

{en =323 %) ca = 3VEQ D ca= V2 (WD)} 1< i<
one can now check that for the bilinear form we have(u, v) = Truv.

Our representation of SLy on M§* by simultaneous conjugation is now simply a
group homomorphism ¢ : SLy — GL(W). We claim that this map is a surjection to
SO3. But then C[M"]9F2 = C[V4"]9:, and we just have to translate the invariant
theory of SO3 to the SLs case. First our claim:

LEMMA 14. The mapping ¢ above is a surjective map SLy — SO3.
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ProOOF. Note that we know that the action of SLy (which we denote by o)
preserves the dot product, because the dot product of u and v is the same as the
trace of wv, which is well-known to be invariant under conjugation.

We will show the following intermediate result:

(131) VMGSO;} E'QGSLQZ Q061:M€1,Q062:M€2.

For suppose we have shown (1.3.1). Denote f; = Me;, and note that because
the dot product is preserved under the action of M, we have (f;, f;) = d;;. Then:

Qoes = (Qoes, f1)fi+(Qoes, f2) 2+ (Qoes f3) f3
= (Qoe3,Qoer) fi+(Qoes,Qoer) fat+(Qoes, f3) f3
= (es,e1) fi + (es,e2) f2 +(Qoes, f3) f5 = (Qoes, f3) f5.
But also:
1= (e3,e3) = (Qoes,Qoes) = (Qoes, f3)°.
So then either ¢(Q) = M € SOs3, or ¢(Q) = M’ € O3\SO3, where M’ is M but
with the last row multiplied by —1. We then show that in fact det ¢(Q) = 1 holds
for any @ € SLs, which will conclude our proof.
Now we prove the statement (1.3.1). Since by assumption, {(f1, f1) = 1, we
have that f; must be diagonalizable. For otherwise conjugating it into Jordan form
gives one of the non-diagonalizable matrices, which have norm 0:

((53).(88))=0m wo=o

So the Jordan form of f; has to be

A0
(O _)\> for some A # 0,

and then preservation of the norm gives us that in fact f; must diagonalize to ey,
ie, Q71 f1Q = e, for some Q € SLo; thus, Q 1 oe; = f1.

Now, look at the action of Q on fs: let’s suppose @Q ¢ fo = aea + bes (we have
(Q ¢ fa,e1) = 0 by the above). Note that we can always find a such that

( g agl )062:a€2+b€31
2

a calculation shows that this conjugation is equal to £ ((a?4+a~2)ea—i(a?—a~?)es),
so one sees that choosing o = v/a — bi does the trick.
But then note that

(Ql ( g a91 ))062:Q1<>< g a91 >0€2:Q10(a€2+b63):f2’

and, since conjugating with this diagonal matrix does not change e;, we see that

the matrix

@=at(§ ) est

has the property Q'e; = f1, Q'ea = fo, as requested. This proves (1.3.1).
We now show that det $(M) = 1 for any diagonalizable M € SLo. Let us say
that M can be diagonalized with matrix S to diag(\, A™!). Then:

ws(s(3 0 )s7)

det ¢(S) det¢>( 3 )\91 )detqb(S)_l :det¢< 3 /\91 )

det ¢(M)
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We already saw how such a diagonal matrix acts on es; a calculation similarly shows
that it sends e3 to §(—i(A2 — A72)ez + (A2 + A7?)es), so we get the following

0 0

1
det¢< A \-1 ) =0 1A2+)7?% N =272 |=1.
0 —3i(A2=A"%) 1(A2+x7?)

==

We note that det ¢(M) is a homogeneous polynomial of degree 6 in the coordi-
nate functions of M: the elements of the Os-matrix are products of the entries of
M and M~' and M~ does not have fractions because M has determinant 1. So,
we have that det (M) — 1 = 0 for all M in the set of diagonalizable matrices in
SLs.

But this set is Zariski-dense in SLo because its subset consisting of matrices
with two different eigenvalues is already dense in SLs (this can be expressed in a
polynomial equation by saying that the discriminant of the characteristic polyno-
mial is nonzero, then use Lemma 1). So, in fact det ¢(M) = 1 for all m € SLy by
Lemma 2, completing the proof. O

1.3.3. The structure of C[M{"]|512, C[MI,]%F2, C[SLy]%*2. Now, as ar-
gued, Theorem 13 directly gives us C[M{"]°F2; we just re-formulate it to get
rid of the dot product notation. As generators,we have (y;,y;) = Try;y; and
A(Yiy s Yiq, Yis ). We can also write this A in terms of traces, for one verifies that the

following relation holds:

1
(1.3.2) A(Yiy s Yigs Yis) = *ﬁﬁ(yilyuy@ — Yir Yis Yis)-

For the first type of relation given in the theorem, we note that

<yi17yj1> <yi17yj2> <yi17yj3>
L'y (yil » Yias Yis |yj1 » Yja> yjs) = <yi2 ) yj1> <yi2 ) yj2> <yi2 ) yj3>
<yi3’yj1> <yi3’yj2> <yi3’yj3>
Tryil Y, Tryil Yja Tryil Yjs
= | Tryipy Tryioys,  Tryiyg,
Tryig, ysn Tryigys,  Tryigyss

The second type of relation directly translates using (1.3.2). Hence, we get:

THEOREM 15. Consider C[M° @ ... ® M°)5L2 | where SLy acts by simultaneous
conjugation on m matrices. Then
(i) this algebra of invariants is generated by Try;y,1 < j <k <m, and
53(Yj1s Yoo Vi) = Tr(Yjes Yjos Yis — Y Yis» Yin )i 1 < J1 < J2 <z <my;
(ii) the defining relations for the invariant ring are
Tryiyj Tryinys,  Tryiyyjs
Trs3(Yi Yio¥is) - Trss (U Yiais) + 2| Trins¥sn TryiYie Tryisyss | =0
Tryiga Yi, Trylg Yo Try’be, Yjs
1<i <ig<iz<m; 1< g1 <ja2<jz<m; and

3

Z(—l)k TryiYpi Trss(Ypg s s Uprs s Yps ) = 0;
k=0

1 <pg<pi <p2<p3<m. Here, T means x is removed from the expression.

As before, a rather straightforward application of Proposition 5 and Lemma 7
now directly gives us:
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COROLLARY 16. Consider C[Mays @ ... ® Moy o|L2, where SLy acts by simul-
taneous conjugation on m matrices. Then
(i) this algebra of invariants is generated by Trx;, 1 < j <m, Trx;z;,l < j <
k<m, and
$3(2j,, gy, Tjy) 1= Ty, Ty, Ty — 5y, Ty, )5 1< 1 <2 < js <mj
(i) the defining relations for the invariant ring are
Trs3(wi, @iy @iy ) - Trss(@j, vj,25,) +

1 1
Trr; xj, — 5 Trz;, Trey, -+ Trog oy, — 5 Trx;, Trxj,

1 ' 1
Trri,xj, — 5 Trwg, Trey, -+ Trrg,xg, — 5 Treg, Treg,
1< <ig<izg<m; 1< g1 <o <jz<m; and
3

1 _
Z(—l)k (Trxixpk — §Tmi Trxpk) Trss(Ypgs s Uprs -+ Yps) = 0;
k=0

1<i<m;1<py<p1<p2<p3s<m. Here, & means x is removed from the
expression.

For SLy-matrices, we get:

COROLLARY 17. Consider C[SLy @ ... ® SLy|%"2, where SLo acts by simulta-
neous conjugation on m matrices. Then
(i) this algebra of invariants is generated by Trxj, 1 < j <m, Trzx,,1 < j <
k<m, and
53(‘Tj1?zj27xj3) = Tr(a:jlvszvxjs - ‘levxjsvsz)§ 1 <1 <j2 <js<m
(ii) the defining relations for the invariant ring are
TT83($i1$i2$i3) ’ TTS3(xj1xj2xj3) +

1 1
Trr;,xj, — 5 Trwg, Trey, - Tragxg, — 5 Treg, Treg,

Trx;,xj, — 5 Trag, Treg, - Trogzg, — 5 Trag, Trag,
1<t <ig<iz<m; 1< g1 <j2<jz <my; and
3

1 _
Z:(—l)’C <Tm:impk, = 5 Trwi Tm:pk) Trss(Ypgs s Uprs -+ Yps ) = 0;
k=0

1 <i<m;1<py<p <p2<ps < m; here, Tre? should be read as 2 -
((Tm:i)2 — 1), and T means x is removed from the expression.
PROOF. Proposition 6 tells us that, letting (I') = (dety; + $t3 — 1, ..., dety,, +
t2, — 1), we have:
C[SLy5L2 = (CMP"])2 @ C[t1] ® ... ® Cltim)) /(I').

Note that in this right coordinate ring, we have

1
4

1
Try? = —2dety; = §t§ —2.

We can now eliminate the generators Try;2 for C[Mg"]°F2 with the ideal (I'), and
usi the isomorphism (1.1.3) and Lemma 4 to translate the results to C[SL5]%%2.
Doing this gives the Corollary as stated. ]

For the rest of this text we will usually consider the case of 3 matrices to
calculate with. This is how the Corollary looks like in this case:
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COROLLARY 18. Consider C[SLy x SLy x SLo]%L2, where SLy acts by simul-
taneous conjugation on 3 matrices. Then:

(i) this algebra of invariants is generated by Trxy, Trxs, Trrs, Trrixy, Trrixs,
Trroxs, Trrixoxs — Trrizsxs;

(ii) the only defining relation of the ring with respect to the above generator is:

0 = (Trxixexs — Trx1x3x2)2 +
%(Trxl)Q -2 Trrize — %Tmﬁl Trze Treixs — £ Treq Tres
2| Trzize — % Troy Tra, %(Tmcz)2 -2 Trzows — 5 Trao Tras
Treyxs — 5 Troy Tres Trrprs — %ng Trzs %(ng)2 -2

More concretely, letting a = Trx1, b = Trxs, ¢ = Trxs, d = Trxixe, e = Trrixs,
f = Trroxs, g = Trrixoxs — Trrixsxs, the algebra of invariants can be seen as the
following algebraic structure:

Cla,b,c,d,e, f, g]/(rel),
where
(1.3.3) rel = g +4a® +4b* + 4% + 4d® + 4e? + 4Af?
—4ace — 4abd — 4bcf + 4ddef
0% — a2 f? — AP
+2a%bef + 2abc*d + 2ab’ce
—2bcde — 2acdf — 2abef

—a?b?? — 16.



CHAPTER 2

Embedding into projective space

Instead of looking at the algebra of invariants of the the affine varieties C[SLJ"],
we can also embed this space into some projective variety, which enables us to look
at this structure geometrically. In this chapter, we do this by direct computation:
we define an embedding of C[SL%'] into a projective space, and construct a cover
for most of the projective space of which we can calculate the invariants.

2.1. An embedding
In this chapter, we will focus on one such embedding. Letting
Q={(a:b:c:d:A)CP*ad—bc =A%},
our embedding is:

S L 0x..xQ

((’jll Zi) oo (‘;’: ZZ)) — (@ :by:crdy 2 1)y (Qm 2 b i O 2 di 2 1))
Thus, in effect we add the square roots of the determinants of the SL, matrices
as extra coordinates to obtain something projective. The SLs-action on SL3* then
naturally extends to @ X ... x @ by simultaneously conjugating the matrices formed
by a;,b;,¢;,d; and leaving the A; intact. @ X ... X @ is naturally a projective
variety via the embedding in P®"~! with basis consisting of m-fold products of
ai, b, ci,di, Ay’s for i = 1, ..., k; for example, @ x @ embeds into P?*:

QxQ < P
((ap :by:cr:dy A1), (ag by :co:do:Ag)) +—  (ajas:aiby:aicse :ads:
a1A2 Lt A1a2 . Albg .
Alcg : Aldg : AlAg).
Our SL,-action then naturally extends to a SLs-action on P51

The embedding of X = SLY" is a so-called compactification: an embedding X
of as a dense subset of a compact space.

Note that our choice of embedding is purely heuristic: there are many other
possible projective spaces in which SL3' could be embedded. We chose this one
because it seems intuitive: it preserves the separate matrices and the new coordi-

nates we add have a concrete interpretation as the square root of the determinant.
Another obvious choice would be to embed SLY* into a P4™ with a map:

(a1,b1,c1,d1, oy dpm) — (a1 1 by i oo i dpy 2 1),

We will not study alternative embeddings in this text.

2.2. Covering @ X ... X Q
In topology, a cover of a set X is an indexed family of sets
Upa={U,|a € A}

23
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such that
acA
an open cover is a cover of which all U, are open (see [12]).

In the Zariski topology, ¢(SL5") is obviously a subset of @ x ... x Q that is open,
affine, dense and SLo-stable. To get more grip on @ X ... X @, we will construct a
cover of most of @ X ... x @ by subsets sharing these properties.

Each of these subsets is then an affine space, so we can calculate its coordinate
ring C[U,] and algebra of invariants C[U,]*2. Now, given U, and Up , the coor-
dinate ring C[U, U Ug| can be found by looking at functions that are in the one
coordinate ring and but not in the other, and then adding them.

Thus, C[U, U Ug] is described as an isomorphism between exensions of the
coordinate rings of U, and Ug (the so-called glueing together of the coordinate
rings). This construction then of course also gives rise to an isomorphism between
extensions of C[Us]°L2 and C[Us]%%2 to give C[U, UUg]*2. Thus, by covering an
X CQ x...xQ as large as we can, we can determine the algebra of invariants of
a large part of @ x ... x Q.

Making such a cover is the main task we set for ourselves in this chapter. We
will carry out the concrete calculations for the cases m = 1 and m = 3; especially

the m = 3 case should give a good idea of how the situation for general m looks
like.

2.3. The case m =1

In the case m = 1, the embedding looks like this. Letting Ag = SLq, we have:

Ay 2, Q={(a:b:c:d:A)CPad—bc= A%},

(2%) — (a:b:c:d:1).
As mentioned,
(2.3.1) Up=¢(Ag) ={(a:b:c:d:A)e Q|A #0}

is an open, affine, dense, S Ls-stable subset of @), and since this is the case that we
have been studying all along, we know what happens here: the coordinate ring of
AO is
Cla' V', d]/(a'd =V =1),
and letting y = (‘;,’ gi) , its ring of invariants is simply C[Try].
We obtain another obvious subset of () with the same properties by looking at
(2.3.2) Uy ={(a":v":":d":AN")eQ|d +d" #0}.

To get a coordinate ring for Ay, we can assume a’’ +d’ = 1 to obtain the embedding
of the affine set

a’ by’ ) )
A — Y P L R [ N
1 ' 1—aq ) |

into Q. This space has coordinate ring Cla”,b",c",2"]/(a" — a'?* — V' = 2''?),
and SLs acts by conjugating the matrix and leaving the 2" intact. To obtain the
ring of invariants, we proceed in the usual way by constructing an isomorphism of
S Lo-representations to My @ C. One checks that this is done by

Ay i Mya C

a b Z” L a’ — % b Z”
' 1=a” ) ! % —a” ) )
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and that the coordinate ring of 1(A;) is

1
Cla,b,c,t]/(—a® — be + 1= t?) 2 Cla, b, c] ® span{1,t}.
The right-hand side has ring of invariants C[Tr2?] ® span{1,t}, translating to C[¢]
for the left-hand side. Finally, this gives algebra of invariants C[A4;]°"2 = C[2"].
Thus, we now have two affine spaces Ay and A; that can be embedded into Q.
We can now glue them together. This is done simply by tracking the embeddings of
Ap and A; into @ adding coordinates to the coordinate rings as needed. We obtain
the following two isomorphic coordinate rings for C[Ag U A4 ]:
1 1
a/+d/} o~ C[a//7b//,cll7z//7 ?]
a// b// c// 1 _ a//
alablaclad/ = ?’Z’Z’ o

Cla’, V', ¢, d,

1
a/ + d/ — Z”
a’ b d
CL”,b”,CH — a/+d/7a/+d/7a/+d/
- 1
z1 (g o n a7 .
But then for the algebra of invariants, we get:
1 1
C[Try, —] = C[",—=
[Try, Try] =", =]
1
Try <« o

Note that the coordinate ring we constructed is exactly the coordinate ring of a P*.
Letting A = B, we now have a cover Us. We note that the points that are not
in this cover satisfy a +d = A = 0. But then, up to conjugation, the only point
in @ that is not in this cover is n = (0: 1: 0: 0 : 0) corresponding to a nilpotent
matrix.
Now consider the embedding of P* in A% and consider the set of points

(0,0,0,0,0);  #0

corresponding to n: the “lifts” of n. Suppose they belong to some closed set V(.S) C
A®, then we note that also (0,0,0,0,0) € V(S): for restricted to

S ={(0,0,0,0,0) [ € C}

any closed set given by a non-trivial polynomial can have only finitely many zeros,
so in fact the polynomial defining the closed set must be constant restricted to S.
We will see later that in geometric invariant theory, it is exactly these points with
0 in the closure of the lifts that will be ignored in the construction of a geometric
quotient.

We summarize our results on covering @ in the following proposition:

PROPOSITION 19. Letting A =B, we have a cover Uy of

{(CCL Z):A€Q|(CCL Z) isnotnilpotent}

given by (2.3.1) and (2.3.2). The algebra of invariants of this cover is isomorphic
to PL.
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2.4. The case m =3

In this case, we have an embedding

SIE <% QxQxQ

((eri),(e2h) (k) = ((ar:bi:cidi:1),(ag:by:caidy: 1),
((az : b3 :c3:d3z:1)).
We can generalize the ideas used in the m = 1 case to construct a cover for
Q X @ x Q. In this case, we can choose for each of the three matrices in the tuple

independently whether we choose the trace or determinant to be non-zero.
Let us formalize this. Let A = B3, fio = A, fi1 =a; +d;. Then our cover is

U U,
a€B?
where
(2.4.1) Us = {(a1:b1:c1:dy A1)y ey (@ i b i Cm i din 2 Apy)
€EQXQXQ| fra - foan - f3,a5 # 0}

Clearly, this covers exactly all the points in @ x @ x @ corresponding to tuples of
matrix, none of which are nilpotent.

As most of the calculations done in the m = 3 case are very similar to the
m =1 case, we will be pretty brief in describing them.

2.4.1. Glueing together U o) and U o). We now glue together two of
the affine parts of our covering: U 0,0y, corresponding to our usual space SLy X
SLy x SLa, and Uy g0y Letting M; denote the affine space

a”’ b 9 9
M, = P 22— g — Q" Y
1 ' 1—a" ’ | )

U(1,0,0) then corresponds to the space My x SLy x SLs.
U0,0,0) clearly has coordinate ring

(C[U(O,O,O)} = (C[allvbllvCllvd/17a/27b/27cl27d/23aéabgacévdé]/
(a}d) — Vi) = 1,abdh, — by, = 1,a5dy — bycy = 1) :

the usual affine space that we are studying. Introducing generic matrices

(4
yl - ( Cll d/l )

the action of SLy simply simultaneously conjugates the matrices y;, and by Corol-
lary 18 we know the algebra of invariants (C[U(QO,O)]SLQ: this is

ClTrys, Trya, Trys, Tryiya, Tryiys, Tryays, Tr(y1y2ys — v1ysy2)]/(f),

where f is the relation (1.3.3) found earlier.
For U(1,0,0), in the same way as in the m = 1 case, we get a coordinate ring

_ " /! 1/ 1 12 // /! 7 12 // /! 7
C[U(I,O,O)] - C[ahblvclazlaa27b2a627d2aa37b3a637d3]/
" "2 "o 2 1 gl ’ ! rr_
(ay —af” = b = 27, aydy — byey = 1,a3d5 — bycy = 1),

where SL, acts by conjugating the generic matrices

" 11 " 1 " 1
y// _ < ay bl > y// _ ( Qg b2 ) y// _ ( ag b3 >
1= 7 ” y Y = 1 1 y Ys = 7 |
¢ 1—af cy dj cy dy

and leaving z{' intact. The algebra of invariants C[U1 ¢ )% is

Clzy, Tryy, Tryy, Tryyyy, Trynys, Tryyys, Te(y v ys — viysys)l/ (f7),
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where f” is a relation obtained in the same way as (1.3.3).
We now calculate C[U(g,0,0) U U1,0,0)]: this is

1
(C[allv l17cl17 /lva/Zv"'ﬂ gvm]/(ll) = C[a/llv /1/’0/1/7211/’(1/2/’ 372]/(‘[”)

! ! i
ayy.oydy  —alh, .., dy

, y al b} o 1—adf
ay, 17017d = ?a?7?7 vz
1 1 1 1

1
! ! A Zi’
ay +dj
! / /
"o ay bl 1
ap,b1,¢1

ay +dy a +dy)ad +dy

This gives rise to the following algebra of invariants C[U 0,0y U U(17070)]SL2:

1 1
(C[Tryl,...,Tr—yl}/(...) = (C[zi',,?]/()
1
1
Try; < o
1

Trys, Trys < Tryy, Tryy

Try1y2, Try1ys, Tryays  — Tryi'yé'-z,,Trywé’- Zi,,Tryé’yé’
1

Tr(yiyoys — y1yay2) = Tr(uiyays —yiyse) -

1

/", 1

1 1
Tryiys, Trynys, Trypys  — Tryiys - Tryrys - =——, Tryays
192 3 293 r:[\ry ’I‘I'y3
1

1
Tr(yiyays — vivsvs) - = +—  Tr(yiyays — yiysye) - Trar
21 Y1

Here, (...) stands for the obvious set of relations: the usual variant of (1.3.3) and
the relations Try; - Trly =1 etcetera.
1

2.4.2. Glueing together U ) and U ;,1)- As asecond and last example
before attempting to tackle the total cover, we glue together U 0,0y and Uy 1 1)-
We claim outright that we get coordinate ring

1 /! /! 1 " // /1 " 1" /! /! 7
(C[U(1,1,1)] = Clay, by, ¢, 21, a5,b5, 5, 25, a3, by, c3, 25]/
i 112 "1 12 " 1/2 // I/ _ //2
(ai —ai” = bic] = 2%, a5y — a; 2Cy = 29,
1 /12 /! l/ _ //2
as —ag 3C3 = 23 ),

with SLs acting by conjugating the generic matrices

1/ /! " // 1 /!
y// _ a7y b1 y// _ ag b2 y// _ ag b3
1 o 1—af )7 i 1—ay )73 i 1—ay

and leaving the z/ intact. The algebra of invariants (C[U(17171)]SL2 is, as usual,

Clz1, 29, 25, Tryi 'y, Trynys , Tryy s, Tr(y ya s — vivsys)l/ (f7)

for some variant f” of (1.3.3).
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The coordinate ring C[U(g,0,0y U U(1,1,1y] is as follows:

1 1 1 11
Cldh, ..., d! I = Cld,. d”——— I’
[17 ) B’a’1+d’1’a’2—|—d’2aé+dg]/( ) [1’ 3 1I7Zél’zé/]/( )
"o "
Lyl g e %oboa 1-a
a;, 03, Gy, Gy Z//’Z/HZ//’ P
1
"
—_— = 2
/ / %
a; + d;
/ / /
N a; bi G
Z’ 1 Z

a, +d al+d al +d}
The two isomorphic forms of C[U(g,0,0) U U1,1,1)]%%2 this gives rise to are:
111 N 111

.,TI‘y17TI‘y27TI‘y3]/(M) “.,27/1/’2&/’23]/(.“)

C[Trys, ..

Il

@]

N
=3

Try, < —

1,11

1
Tryiy; +— T&"yiyj~;

1 1 1
Tr(y1y2y3 — y1ysy2) +— Tr(yi’yé’yé’ - yi’yé’yg) 7T T
21 R %3

1 1
Try/y] — Tryy; -

Try; Tryj ’
1 1 1
Try; Try, Trys

Tr(yiyyys —vivsyy) —  Tr(yiyeys — yiysye) -

2.4.3. The complete cover. Now let us see what happens if, for instance,
we want to determine the coordinate ring of

ClU0,0,00 YU1,1,1) YU1,0,0)]-

We do this by glueing together the coordinate rings

11 1
" Tryr, Tryz, Trys

which is the coordinate ring C[U g 0,0y U U(1,1,1)] seen as an extension of C[U,0,0)],
and the coordinate ring

C[Tryy, ...

(C[U(l,O,O)] = (C[al ) b/llv Clllv le/, a‘2 ’ b’2lv 02 ) d/2/a a3 ) bg, /3/7 d//]/
(a) —a? = V] = 2% dydly — bhych = 1, abdy — bycy = 1).
But then to glue these rings together, it suffices to add the new coordinates
1 1
1 + d/2/’ 1 dl/

to the coordinate ring of C[U(,0,0)], and the coordinate ring of C[Ug 0,0y U U(1,1,1)]
remains unchanged. We summarize this result in the following claim:

PROPOSITION 20. The cover |J,cps Ua with U, defined in (2.4.1) is a cover by
open, affine, dense and S Lo-stable subsets of QxQ x Q. It covers exactly the points
in Q X Q x Q corresponding to triples of non-nilpotent matrices. Its coordinate ring
18

1 1 1
Cal? /)C/) ’a//7 I’Cl’ 7a/7 l7cl7 /’ )
a1, 01, ¢y, dy, ag, b5, ¢, dy, a, by, e, dy a +d, dy+dbah+ df

I;
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its algebra of invariants is

C[Try1, Tryz, Trys, Tryiye, Tryrys, Try2ys, Tr(yiy2ys — y1y3y2),

1 1 1
b b I b
Try:” Trys  Trys /@

where
(H=1{fT —1 =1,T —1 =117 —1 = ;
- , 41TY1 T”"yl =1, 1Ty2 T7"'y2 =1, 1Tys T’I’y3 - )
f asin (1.3.3).

Note that there are more affine parts of Q x @ x @ that our cover does not
reach; for instance, we could define an affine part

U:{(MliAl,MQZAQ,MgiAg) GQXQXQ|’I‘I‘M1M2’I‘I‘M3#O}

to which such triples as

(F3) (2 2)0(d b))earare

belong. However, in the case of the affine space U it is not so clear how to calculate
the algebra of invariants looks like: our usual construction of a module isomorphism
My does not seem to work in this case. In the next chapter on geometric invariant
theory we will study in more detail the general conditions under which affine parts
exist.



CHAPTER 3

Geometry of the projective space

In the previous chapter, we introduced an embedding of C[SL}'] into a pro-
jective space, and constructed a cover of most of this space of which we were able
to calculate the invariants. This approach is the underlying idea of the field of
geometric invariant theory (GIT).

In this chapter we introduce some of the concepts of GIT and see how they
apply to our situation. In sections 3.1 and 3.2, we introduce GIT, and in section
3.3 we see how we can look at geometric quotients in the case of a SLs-action. In
the following sections, we perform calculations for the cases m = 1, m = 2 and
m = 3 and find some results for general m.

3.1. Quotients, stability

The goal of geometric invariant theory (GIT) is to create a so-called geometric
quotient. Geometric invariant theory was developed by David Mumford in 1965,
and his book [8] is the primary source about this field. The definitions we give
below were taken mainly from [6] and [7, Ch.6]: two sources where the concepts of
GIT are introduced in a more accessible way.

DEFINITION 21. Let X be an algebraic variety with an action by a reductive
group G. A pair (Y, ¢) is called a categorical quotient if:

(1) Y is an algebraic variety;

(ii) ¢ is a morphism of varieties from X to Y;

(iii) ¢ is G-invariant;

(iv) ¢ has the universal mapping property: given any algebraic variety Z and a
morphism v : X — Z which is constant on G-orbits, there exists a unique 0 : Y — Z
such that ) = 0 o ¢; that is, we have the following commutative diagram:

Xi»Y

RN

Z,

The important property is of course (iv): it indicates that the map separates
the orbits of X under G as well as possible. If such a categorical quotient (Y, ¢)
exists, we denote it by X//G. We also have a good quotient, which satisfies some
stronger conditions:

DEFINITION 22. Let X be an algebraic variety with an action by a reductive
group G. A pair (Y, ¢) consisting of an algebraic morphism Y and a morphism ¢
is called a good quotient if it satisfies the following conditions:

(i) ¢ is surjective;

(ii) ¢ is G-invariant;

(iii) ¢ is an affine morphism (ie, the inverse image of an open affine set is again
an open affine set);

(iv) if W C X is G-stable and closed, then ¢(W) is closed;

30
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(v) let X1, X, C X disjoint, G-stable and closed, then ¢(Wy) N ¢(Ws) = 0

(vi) for open U C Y, ¢* : k[U] — k[¢p~1(U)]¢ is an isomorphism.

One can show that a good quotient (Y, ¢) is also a categorical quotient. If the
set of points of Y is in bijection with the set of orbits in X, then (Y, ¢) is called a
geometric quotient. This latter statement is equivalent to all orbits of X under G
being closed.

Now if X is an affine variety and G is a so-called “reductive group” (SLs is
such a reductive group), then we know what the categorical quotient looks like.
For this, we need the construction from algebraic geometry of the spectrum of a
ring, denoted SpecR. This is a construction to create an affine variety having R as
its coordinate ring.

So, if we have an algebra of invariants k[W]°L2, then Speck[W]%L2 is an affine
variety with coordinate ring k[W]°L2 C k[W], and this inclusion induces a map
¢ : W — Speck[W]°L2: given a point it simply gives the values of the invariant
functions evaluated in that point. One can then show that ¢ is a good quotient for
SLy acting on W.

It turns out that we can not, in general, construct a good quotient for a complete
projective variety X: the best we can do is to construct a quotient on some open
subvariety of X. This is where glueing, as we did in Chapter 2, comes in. For if we
have a cover of some subset X’ C X by affine spaces:

X' = Ua,
a€cA
then as indicated we can calculate its algebra of invariants X'¢ by glueing together
the algebras of invariants k[U,]°L2. But then as above, this induces maps @, :
U, — Speck[U,]%%2 that are good quotients of the U,. Finally, one can check that

the map ¢ : X’ — SpecX’“ obtained by combining all ¢, is a good quotient for
X'

3.2. Semi-stable and stable points and the Hilbert-Mumford criterion

The question is then what points of a projective variety X can be covered by
open, affine, G-stable sets. For this, GIT introduces the following definitions:

DEFINITION 23. Let V' be a G-module and X — P(V) be a projective variety
so that G acts linearly on X. Let be X — V the corresponding affine variety so
that we have the canonical map

X\{0} 2 X2 [al.

A point z € X is then called semi-stable if there is a point & € X; ¢(2) = = (a
lift of x) so that 0 ¢ G.z. Similarly, x is called stable if there is an & so that G - &
is closed, and dim(G - &) = dimG. A point is called unstable if it is not semi-stable.
(Note that unstable is not the opposite of stable!)

Denote X** = {z € X |zis semi-stable} and X*® = {x € X | zis stable}.

Then the following holds:

THEOREM 24. Let X be a projective variety. Then X°° admits a good quotient
¢. Also, ¢ : X° — ¢(X?) is a geomelric quotient.

However, suppose we have a good quotient not for the whole of X*° but for
some part of it. The following Corollary indicates how we can still find a geometric
quotient:

PROPOSITION 25. Let X° C X' and let (Y,¢) be a good quotient for X'. If
d(X*®) is open inY, then ¢ : X° — ¢(X?®) is a geometric quotient.
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PROOF. We use [7, Proposition 6.1.10]. This tells us the following: let U C X’
be the set of points x € X’ such that the orbit of x is closed in X’ and the stabilizer
of z’ is finite. Then V = ¢(U) is open in Z, and ¢|y : U — V is a geometric
quotient. Note that X* C U, so ¢(X*) C V, and because ¢(X?) is open in Y, it
is also open in V. Now by Property (ii) of [6, Lecture 6, section 3] applied to ¢|¢
and ¢(X®) CV, ¢: X°® — ¢(X?) is a geometric quotient. O

In [7, Lemma 6.4.5] it is shown that in the projective case, a point z € X
being semi-stable is equivalent to the existence of a homogeneous G-invariant poly-
nomial with strictly positive degree which does not vanish at z. Note that this
corresponds exactly to the existence of an open, affine, G-stable set containing x,
which corresponds to our previous discussion on coverings.

To determine whether points in a projective variety are (semi-)stable, one can
use the Hilbert-Mumford criterion. This criterion of formulated by looking at the
action of so-called “one-parameter subgroups” of an algebraic group Gj; these are
simply algebraic group morphisms A : C* — G. We suppose that G acts linearly
on X.

Suppose we have a projective variety X C P(V'), corresponding affine variety
X C V and canonical map ¢, as above. Let = ¢(2) and X be given. In [6] it is
shown that by choosing a basis {e;} for V suitably, we can write the action of A on
V as:

At)-& =) cit'e.

The weights of x with respect to A are now defined to be the {r; | ¢; # 0}. We can
now formulate the criterion as follows:

THEOREM 26. (Hilbert-Mumford) In the above setting, x is semi-stable if and
only if for every A\, x has at least one non-positive weight; x is stable if and only if
for every non-trivial )\, it has at least one negative weight.

3.3. Our case

Let is now try to apply this theory to our normal projective situation in which
we project every matrix in one P*. Let

Q={(a:b:c:d:A)|ad—bc=A*} CP*

be the embedding of one such matrix. We are then interested in finding out the
quotient of a product of several Q’s.

For this, we will need to look at one-parameter subgroups of SLs. The following
lemma helps:

LEMMA 27. Let A(t) be a non-trivial one-parameter subgroup of SLs. Then
there is a mon-trivial one-parameter subgroup A\ and a similarity matriz Q) so that
A(t) = Q Ydiag(t,t=1)Q, and X and )\ have the same stable and semi-stable points.

PROOF. Let us take a one-parameter subgroup A(¢) of SLo, which is by defi-
nition an algebraic group morphism A : C* — SLy. Because A is non-trivial and
algebraic, KerA is an algebraic subgroup KerA C C*, so it must be a finite group of
nth roots of unity, the cyclic group C,. By letting A(z) = A(2"), we see that then
) is an isomorphism C* — \(C*):

A
C*/Cy, — SLy
z+—>z"l <

Ccr,
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Because clearly A and X have the same stable and semi-stable points (for a given
point, X has the same weights as A multiplied by n), without loss of generality we
may assume A is an isomorphism C* — A\(C*).

Now suppose that some A € A\(C*) is not diagonalizable, then in Jordan form
either A € A(C*) or —A € A(C*) can be written as

N _ —1 1 1
using some similarity matrix (). But then also
A= Q! ( (1) ’1‘ >Qe)\((C*) Vn € N.

Note that this set is Zariski-dense in the affine variety

v={a*(§ | )aleech,

because for any closed set Z(fi,..., fn) SV, each f, € k[V] can have only finitely
many values for x for which it is zero. Because A(C*) is closed as the image of a
closed set, then certainly V' C A(C*). But this means we have an infinite additive
algebraic subgroup of C*, which is impossible.

So in fact, all matrices in A(C*) are diagonalizable, and because it is a commu-
tative group, they are in fact simultaneously diagonalizable. For suppose v is an
eigenvector of a matrix A so that Av = pv for some V', then A(Bv) = B(Av) =
B(Mv) = ABv, so B(v) is an eigenvector of A corresponding to the same eigenvalue
A, so Bv = pw for some p. (This assumes that A does not have a double eigenvalue,
but in this case it is * - Id which is invariant under conjugation.)

By the same Zariski arguments, we then have that for some similarity matrix

A(C*):{Q(g 2 >Q1|m¢o};«:*.

Thus A\(t) = Q 'diag(t,t=1)Q or A\(t) = Q'diag(t~*,¢)Q because we assumed \
to be an isomorphism C* — A(C*). In the first case, we are done; in the second
case, using another similarity matrix @ that whitches the two eigenvalues gives us
the desired conclusion as well. (]

We also introduce the following notion:

DEFINITION 28. (See [2, p.18]) A matrix tuple (Ay, Ag, ..., A,) € M¥, , is called
reducible if and only if it can be simultaneously conjugated to the form

(G 2) o 2))

it is called #rreducible otherwise.

3.4. One matrix

First of all, let us look at the situation when we have just one matrix. The action
on @ (conjugating the matrix formed by a, b, ¢, d and leaving A intact) extends to
an action on the whole of P%, so we can consider its semi-stable points.

Let us apply the Hilbert-Mumford criterion to find unstable points. For a
matrix M to be unstable, there must be a one-parameter subgroup such that all
weights of M are positive. By Lemma 27 we can assume that M acts diagonally,
so in some basis of @, the action of SLs is:

((2a)2)=((5 7))
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Thus, we must have that b # 0, and this corresponds to the one unstable point

n € Q as below:
(01 o 0 1 0
v=1 9 o n= 00 )" .

In other words, the unstable points are all in the one orbit of nilpotent matrices.
Theorem 24 now tells us that Q% = @Q\{nilpotent matrices} admits a good
quotient ¢. Letting

A={(a,b,c,d,A) € A’ |ad — bc = 1},

this quotient is induced by the inclusion A%%2> c A. But, as we know, A%L2 =
Cla + d, A], so the induced quotient map is simply:

Q/) . st N ]P;l
(M:A) — (trM: A).

Indeed, this quotient is not defined exactly when TrM = det M = 0, ie when M is
nilpotent.

We can also try to apply Hilbert-Mumford criterion to find stable points. We
find that for a matrix M to be not stable, there has to be a A such that all weights
are non-negative. This means that conjugated suitably, we must have My, = 0.
But of course this holds for any matrix: just write it in Jordan form. This is not so
strange when one considers the definition of points being stable: for this we need
that the dimension (in affine space) of the orbit of the matrix equals dim(SLg) = 3.
But conjugation leaves the trace and matrix of the matrix intact, so this can never
be the case.

3.5. Two matrices
Now let us consider
P = QXQ:({(al:b1:01:d1:A1)|a1d1—b101:A%}x
{(a2 tby g i dy i Ag)|asds — bacy = Ag} )
As indicated before, to see @ x @ as a projective space, we embed it as P C

P x P* — P4,

3.5.1. Constructing a good quotient by covers. As indicated above, the
construction of a good quotient of a subset of points of @ x @ is done by first
calculating the algebras of invariants of affine parts, and then glueing together the
induced good quotients on the affine parts. Let us take a cover by B2 of (Q x Q)™
consisting of the points that correspond to non-nilpotent matrices like we did for
three matrices in Section 2.4.

For example, we get an affine open set

U,0) = {((My1 : Ay), (My : Ag)) | A1 Ay # 0}

which can be identified with SL3 with coordinate ring C[Mj, Ms] and algebra of
invariants C[TrMy, TrMsy, TrMy Ms]. As functions on @ X @ these generators are

TeM; - Ag Ay -TrMy TrMy M,
Al'A2 ’ AI'AQ ’ AI'AQ’

so we have a good quotient U o) — {(a:b:c:d) € P*|d # 0}:
((Ml : A1)7 (MQ : Ag)) — (TI“MlAQ : AlTI“MQ : TI“MlMQ : A]_AQ).
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Similarly, for the other affine parts one finds good quotients to {(a : b: ¢ : d) €
P3| d # 0} of U106y, Uo,1y and Uy 1y as follows:

((Ml : Al), (M2 : Ag)) — (TerTng : TI‘MlMQ : AlAQ : TI“MlAQ);
((My: Ay),(Mz: Ag)) +—  (TrMiTrMy : TrMy My 0 AjAg @ Ay TrMy);
((Ml : Al), (M2 : Ag)) = (AlT‘I‘MQ : ’I‘I"MlAQ . T‘I’MlMg : TerT‘I'MQ).

But then let us consider the map

(351)¢: (Qx Q)" — ¢((Q xQ)"™) cP*
(Ml : Al,MQ : AQ) = (TI'MlAQ : AlT‘I‘MQ : TerT‘I'MQ : AlAQ : TerMQ).

Restricting this map to U(q,g), for instance, gives:
¢:Upo — {(a:b:c:d:e)eP*ab=cd Nd#0}.

But now note that viat: (a:b:c:d:e)— (a:b:e:d) we have a commutative
diagram
U0y —> {(a:b:c:d) € P?|d # 0}

o T

so ¢ is a good quotient for U(g o). Similar constructions can be drawn for the other
affine parts. Finally, we arrive at the conclusion:

ProrosiTioN 29. Let
Y = {(.Tl Z$22$3Zl‘43$5) €]P4|£L'1:L’2:1'35134}\(0:02020:1),
¢ as above. Then (Y, ®) is a good quotient for (Q x Q)"™".

Note that as in Chapter 2, (@ x @)™ does not cover all the semi-stable points:
for example, we could define an affine subset

{(My 2 Ay), (M3 = Ag)) | TrM Mo # 0}.

Also, we note another approach we might try to obtain the quotient map: this
is by considering the algebra of invariants for the complete cover we calculated in 2,
and trying to turn that into a quotient map. But for example, consider the algebra
of invariants as an extension of the affine space where Ay = Ay = 1. Then as
functions on @ x @ the generators are

TI‘MlAQ Al’I‘rMQ HMlMQ AlAQ AlAQ
AlAg ’ AlAQ ’ AlAQ 7’I‘I‘]\41A27A1TI']\42 ’

and it is not so clear how to make a quotient map of this: for example, the obvious
map
((Ml : Al), (M27A2)) = ((T‘I’Ml)2’I‘I‘M2A2 : Ter(Tng)zAl :
TrM; My TeM TeMy : A2TeMoAg - A TeMy A2
Ay A TrM, TrMs)
is not even well-defined as it gives (0:0:0:0:0: 0) whenever any of the matrices

is nilpotent. Thus, to construct a quotient, glueing together quotients seems a
better approach then glueing together invariant rings.
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3.5.2. Stability of points. We can now use Hilbert-Mumford to find the
unstable, semi-stable and stable points in this projective space and find out in
general under which conditions we can define good and geometric quotients.

LEMMA 30. The unstable points of P embedded in P?* correspond to reducible
pairs of matrices (A, B) of which at least one is nilpotent.

PROOF. If we recall how a one-parameter subgroup diag(t,¢~!) acts on one

matrix: )
a; b; ) a; 1°b; .
(o )a) = (5 2 )=

we can easily see how it acts on a basis element of P?* as well: for example, it
acts on b1 Ay as b1Ay — t2by - Ay = t2(b1As). By Hilbert-Mumford, a point is
unstable if there is a one-parameter subgroup so that all weights are positive, so a
pointp € P if and only if (under some basis transformation):

ajas = a1ty = a1d2 = alAg = blcz = C1G9 = Clbg = C1C2 = Cld2 = ClAQ =

d1a2 = d162 = d1d2 = dlAg = A1a2 = Alcg = Aldg = AlAQ =0.

Suppose we have an unstable point, so the above relations hold. Since all
combinationes of {ay,by,c1,A1} - {ag, b, c2, Ao} occur, for some i we must have
a; = b; = ¢; = A; = 0; say this is true for ¢« = 1. The only relation that still
remains is byco = 0, which exactly states that the matrix pair is reducible.

Conversely, if one matrix is nilpotent, say A, then we can write it in strictly

upper triangular form, and the only remaining relation byce = 0 now implies re-
ducibility. O

COROLLARY 31. In the above context, a matriz pair (My,Ms) € P is semi-
stable if and only if it is irreducible or neither matriz is nilpotent.

PROPOSITION 32. In the above context, a point in P is stable if and only if
My, Ms is irreducible and neither matriz is nilpotent.

PRrROOF. A point is not stable if and only if there is one-parameter subgroup A
so that all weights with respect to A are > 0. First suppose we have a matrix pair
(A, B) that is not stable. This gives the following equations:

Ci1Qg = C1C2 = Cld2 = ClAQ = a1Cy = d102 = AlCQ = 0.

If ¢; # 0, then ay = co = dy = Ay = 0, so matrix B is nilpotent, and similarly for
matrix A. Otherwise, ¢c; = ¢o = 0 and the pair is reducible. The converse clearly
also holds. (]

3.5.3. (Semi-)stability and quotients. In Proposition 29, we constructed a
good quotient of (Q x Q)™", the set of pairs where none of the matrices is nilpotent.
In light of the previous calculations, we now see that

(@xQ)” T (R@xQ)" T (QxQ)™.
Now, (Q x @)™ had quotient space
Y = {(xl DXg T3y TH) €P4|{,C1£C2:{L‘3£L'4}\(020202021)7
with the quotient map ¢ from (3.5.1):
(M : Ay, Mo : Ag) — (TrMiAg : AyTrMy : TeM1TrMs 0 Ay Ag - TrMy Ms).

Note that (Q x @)**\(Q x @)™ exactly corresponds to pairs of matrices (M7, M>)
of which at least one is nilpotent, but TrM; My # 0. Under this map ¢, these points
are sent exactly to the point (0:0:0:0: 1) we excluded: hence,

¢ X% — {(xl txo w3y xs) € P ayay :x3x4}
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is a well-defined map. However, it does not seem to be a quotient because it does
not separate the various different orbits in X*%.

We now also know that if we would know the structure of the ring of invariants
of the affine part defined by TrM;Ms # 0, we would have covered the complete
(@ xQ)*%. However, we also note that finding the structure of this ring of invariants
might not be so simple: using all the obvious invariants we do not seem to have
succeeded in building a quotient for (Q x Q)**. Also, building such a quotient seems
to boil down to “blowing up” the map ¢ at the image point (0:0:0:0: 1), of
which it does not seem obvious it this can be done.

Now we look at how (Q x Q)®® behaves under ¢. In [2, p.18] it is proved that a
matrix pair (My, Ms) being irreducible is equivalent to Tr((M; Ms)? — MZM3Z) # 0.
One checks that this can be written in terms of elements of the algebra of invariants
as follows:

Tr((MiMs)? — MiM3) = (TrM;)?A3 + AF(TrMs)? + (TrM; M,)?
—Tr M, TrMyTrM; My — 4A2A2;
see [9] for how we obtained this relation. We see that X® maps to the open subset
Y'={(z1:29:23: 24 :25) € P° |27 + 23 + 22 — 2325 — 425 £0} C V.
But then by Proposition 25, we get the following result:
PROPOSITION 33. Let Y’ be the variety:
{(z1: 29 : 23 : 142 T5) | T120 = T324, T3 + T3 + 2 — 2305 — 42t # 0} C PP

The map ¢ defined by (3.5.1) is a geometric quotient X° — Y.

3.6. Stability for more than 2 matrices

We now find a criterium for (semi-)stability in a k-fold product of @’s, with
k > 2. In this case, we get an embedding

P = @Q@x..xQ
= @izl,..k {((ZZ . bz LG dl N Al) |a1dz — biCi = A?}

c P'x..xPt— p5° -1

with basis consisting of k-fold products of a;,b;,¢;,d;, A;’s for i = 1,....k. We
can proceed in the same way of Lemma 30 to find the unstable points of P. The
criterion we get is slightly awkward:

PROPOSITION 34. A point x = (M, ..., M) is unstable if and only if for some
i, matriz M; is nilpotent and when x is conjugated so that M; is in Jordan form, the
number of matrices with bottom-left element non-zero is smaller than the number
of nilpotent matrices commuting with M.

PROOF. A point x is unstable if there is a one-parameter subgroup A, which
we can assume to acts as diag(\, A1), so that all weights with respect to A are
strictly positive. Then for any combination of a,c,d, A,

H {(1]', Cj, dj, A]} =0.
j=1,...k

But this means that at least one matrix M; is nilpotent: for if we could choose an
a;,ci,d;, A; # 0 for any 4, then its product would be non-zero as well. So we can
conjugate x so that M; is in Jordan form.

But then consider the (k — 1)-tuple & we get if we remove M; from x: then x
is unstable exactly when all weights of & with respect to A must be non-negative.
This is automatically satisfied if all ¢; = 0. On the other hand, if c; # 0 for some
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J, then consider the (k — 2)-tuple & we get if we remove M;, M; from x. Then x is
unstable exactly when all weights of £ with respect to A are strictly positive.

But this is the case we started with, so inductively we obtain the statement we
want to prove. O

ProposITION 35. A point x = (M, ..., My) is semi-stable if for any of its
nilpotent matrices M;, when we conjugate x so that M; is in Jordan form, the
number of matrices with bottom-left element non-zero is at least the number of
nilpotent matrices commuting with M;.

We notice that the reasoning we used to find the stable points in the two-matrix
setting also works for an arbitrary number of matrices:

PROPOSITION 36. A point x = (M, ..., M) is stable if and only if it is irre-
ducible and none of the matrices is nilpotent.

PROOF. Such a tuple is not stable if and only if there is one-parameter subgroup
A so that all weights with respect to A are > 0. First suppose we have a matrix
tuple (M, ..., M) that is not stable. Using the above notation of M; = (a; : b; :
¢i o d;: A;), we get that

C;* H{aj,cj,dj,Aj} =0
J#i

So suppose we have some ¢; # 0. Then for one j we must have a; = ¢; =d; = A; =
0; for suppose for all j we that one these four entries is non-zero, then the product
of all these choices would be non-zero as well. On the other hand, all ¢; = 0 gives
a reducible pair. Clearly the other direction of the proposition also holds. O

3.7. Comnstructing a quotient for Q x @ x @

We will now look at the case with 3 matrices. Recall that in the affine version
of this case, apart from the usual degree 1 and degree 2 generators for the algebra
of invariants, we have one degree 3 generator, and one relation holding between the
generators.

Similarly to the @ x @ case, we can look at our affine covering 2 and see
what maps the invariant functions induce. For example, for the embedding of
SLo x SLy x SLo, we get the following induced map on @ x @ x Q:

((M1 : Al), (MQ : AQ), (Mg : Ag)) (g (Try1A2A3 : AlTryQAS : AlAgTryg :
Try1y2A5 + A Try1ys : AiTryays
Tr(y1y2ys — y1y3y2) : A1A2A3).

Indeed, considering all embeddings, we get all the “obvious” polynomials linear in
each of the three matrices: the eight combinations

i1,y 08 = {TeMy, A} - {TrMo, Ag} - {Tr M3, As},
the combinations with traces of two matrices
i9,410 = TrM1Ms - {TrMs, Ag}; i11,i12 = TrM1 M3 - {TrMsy, Ao}
13,14 = TrMoMs - {TrMy, A4},
and finally 415 = (TrMy Mo M3 — My M3M>). In all, this gives us a function ¢:(Q x
Q x Q)" — P which we would hope to be a good quotient on its image:
(My : Ay, My 2 Ao, M3 : Ag) &, (tritratrs « tritroAs : try Aotrs : tri AsAg :

Aqtratrs : AvtraAs : Aq1Astrs : A1A3 A3 :
triotrs @ trias : tristrs : trizAs ¢

t’f’ggtﬁ : trggAl : tT‘lgg).
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For this, we need to check that when restricted to any affine part of the cover, the
image is isomorphic to the good quotient induced by its algebra of invariants. But
for example, on the affine part of Q x @ x Q where Ay = Ay = A3 = 1,we see that
¢ reduces to the following map:

(Ml : Al,Mg : A27M3 : Ag) = (tT’ltTQt’Fg : tTltT’Q : tf’ltf'3 : tT’l :
t7’2t7’3 tiry t7’3 i1
t’l"12t7‘3 . tT12 . t’l"13t7‘2 . tT13 .

tf’ggt?”l : t7"23 : t7'123)7

so its image is clearly isomorphic to C[SL3]. This motivates the claim that:

CramM 37. Themap ¢ : (Q X Q X Q)™ — ¢((Q x Q x Q)™"), as defined above,
is a good quotient.

We did not check the restrictions of ¢ to the other affine parts, but one would
not expect problems in this verification.
Similarly to the @ x @ case, we have the situation that

@*xQxQ)” C(@xQxQ)" S (@*xQxQ),

and again, the map ¢ is exactly defined in (Q x @ x @Q)*°, as the following Lemma
shows:

LEMMA 38. A matriz triple p = (M7 : Ay, Ms : Ao, M5 : Az) € Q X Q X Q is
semi-stable if and only if the map ¢ above is well-defined in p.

PROOF. First we note by direct calculation that all invariants are zero for the
types of unstable triples described above. Conversely, suppose all invariant function
are zero. We want to show that we have an unstable point.

Note that one of the three matrices has to be nilpotent because of the invariants
i1,...,48: say it is matrix Mjs. Notice that now directly all iy, ...,ig are zero. We
can now write M3 in Jordan form so that a3 = c3 = ds = Az = 0; bz # 0.

Also, one calculates that TrM; M3 = ¢1b3. Because bz # 0, if we look at 411 and
112, then either M, is nilpotent or ¢; = 0. In the same way, either M, is nilpotent
or co = 0. If ¢; = ¢o = 0 then the situation is easy: the triple is reducible and we
have an unstable point by our criterion.

Otherwise, suppose ¢; # 0, but Ms is nilpotent and ¢z = 0. One calculates
that

0 (dQ — ag)bg

B-C—C-B:(O 0

) ; TerMQMg = Cl(dg — ag)bg = 0,

so in fact B and C' commute and we have an unstable point by our criterion.
Finally, consider the case where c1, ¢y # 0, and M; and M5 are both nilpotent.
We claim that M; and M> commute, ie,

C e My My — My My — ( —bacr +bica  —2agb; + 2a1bs ) —o.

2a201 — 2&162 bgCl — 6102
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The only invariant we can still use, i15, gives us that ajco = ascq, so Co; = 0. But
nilpotency of My, My gives a3 = byc; and a3 = baca, S0

2 2 2.2 2.2
azc aic aics — azc
5C1 1C2 162 — axcqy
Ci1 = —bycr +bica = — + =
C2 C1 C1C2
(@12 —ager)(arca +ager) 0-
C1C2 ’
aibica ai1bacy a
Cia = —2a9by +2a1by = —2 + 2 = —2f(—b261 + blcg) =0.
C1 C1 C1
So in this case our criterion is also satisfied. This concludes our proof. O

There are still a few pices of the puzzle missing for the m = 3 case. First, we
could calculate the image under ¢ of (Q x Q x Q)** and (Q x Q x Q)™". The above
lemma would suggest that the M = ¢((Q x Q x Q)**) is the complete space induced
by the invariants with the obvious relations holding between them:

M = {(iy:ig: .. 015) € PM|
194 = d2l3, l1i6 = lais5, 9107 = l3l5, i2ls = Tale, I3l = lai7,75%8 = lelT,
i198 = i2i7 = i3l6 = i4is,
i9t1 = 1102, l9l3 = l10%4, l9ls = L1076, l9l7 = t10ls,
11101 = 91213, 11191192 = 11284, 11105 = 1207, 41196 = t1218,
i13%1 = t14l5, 11392 = t14l6, L1303 = 147, L1304 = 91418,
i3its = 13019 + ... + digitoina}.
Here, the last relation a projective version of our relation (1.3.3) that holds in the
case of three affine matrices (page 22). For the image of (Q x @ x Q)™ the closed
set
M ={(iy iy : ... 1i15) € P iy =iy = ... = ig = 0}
would then need to be removed. We did not verify this.
Finally, one could check whether

(@ x @ x Q)%)
is open in
(@ x Q xQ)"")
to be able to conclude that on the stable points, ¢ is in fact a geometric quotient.
For more than three matrices, in general it seems doable to formulate how a
good quotient on the non-nilpotent matrices should look like; however, calculating
the image space and the image of the stable points would again be difficult. Also,
it is not clear whether the proof of Lemma 38 easily generalizes to more matrices.

3.8. Orbits in the affine case

We now do some calculations on orbits of S L, matrices in the affine coordinate
ring, and compare this to our above results.

First, we look at the 3 matrix-case. Corollary 18 tells us that C[SLy x SLy X
SLy)°F2 is a quotient ring with 7 generators a,b,c,d, e, f,g and one relation, r €
Cla, b, c,d, e, f, g] — see equation (1.3.3). The singular locus of this quotient is the
set of points p in the corresponding algebraic variety where

or or
gradpr - |:aa(p)7 ey @(p):l - 07

these are thus the points in the variety where no tangent plane can be defined. We
study the relation between points in the singular locus and unstable points in the
corresponding projective embedding above.
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One can calculate the singular locus of the quotient using the Macaulay software
package!. Using our familiar shorthands tr; = TrM;, tri; = TrM;M;, tryj, =
Tr(M;M; My, — M; M M;), we get that the singular locus is the following ideal (I):

(I) = (tries,
—trytrotryo 4 tr? 4 tr2 + trl, — 4,
—tratrgtrog + trg + trg + trg3 —4,
—trytratryg 4+ tr3 4 tr3 + tri, — 4,
—trftrg + trgtrg — trotriotrig + tritristrog + 2tritrigs — 2trotrog,
ftrltrg + trltrg — tratriotrog + trotrigtraog + 2tratrio — 2trgtrys,
—tr%trg + trgtrg — trgtriotrig + tritrigtrog 4+ 2tritrie — 2trstrog,
trltrgtrg — trotrgtrio — trgtrlg — tritraotrog — 2tritrg + 2tristrog + 4trys,
tr2trotrs — tritratryy — trytrotrys — tritrog — 2trotrs + 2triotrs + 4tros,
(3.8.1) trltrgtrg — tratrstris — trgtrlg — tritrgtraog — 2tritry + 2trigtrog + 4tris).

We can interpret at least the equations 2-4 of this ideal by noting that for
matrices in SLs, we have

Tr (( My M:)? — M12M22> = —trytratrys + tr? + ted + tr2, — 4.

Other than that, what seems to happen is that in the coordinate ring of the
singular locus, we get Cltry,tro, trg] and then we get degree 2 extensions for the
tr;; from relations (2-4), with relations (5-10) adding some conditions that limit
the degree of the overall extension.

For example, if one looks at the coordinate ring as an extension of

(C[trl, tI‘Q, tI‘g7 tI‘lg],

then at first glance equations (8-9) look like they can be solved uniquely for tri3 and
trag; however, careful inspection gives that in fact the discriminant of the system
of equations is a polynomial in (I), so this does not happen. We did not look into
this matter further.

We have the following criterion for points to lie in the singular locus:

LEMMA 39. A matriz triple (A, B,C) € SLy® is in this singular locus (I)
defined by (3.8.1) if and only if it is reducible.

ProOF. We note that reducible matrix triples are in the singular locus. Con-
versely, take a triple of SLo matrices

(- a)o=(5a)e-(i 1))

in the singular locus.

First suppose one matrix, say A, can be diagonalized to A = diag(\,A™1).
Looking at the second and fourth relations of (I), one finds that either A = £1, or
eh =il =1.

If A = £1, then the third relation is the only remaining one. Suppose we
can diagonalize B, then this relation gives either B = +Id (so directly we have a
reducible triple), or ¢/ = 1. But then because il — jk = 1, either k = 0 or j = 0 and
we can swap the eigenvalues of B to see that the triple is reducible.

Otherwise, we have eh = il = 1, and so fg = jk = 0. If gk = 0 then we are
done and if fj = 0 then we can swap the eigenvalues of A to see that the triple is

ISee http://www.math.uiuc.edu/Macaulay2/; we used the singularLocus command to cal-
culate the locus, and decompose to write it in a more recognizable form.
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reducible. If gj = 0, then the first relation gives fk = 0. This means that one of
the B, C is diagonalizable: a case we already handled. The case fk = 0 is similar.
This finishes the case when we have a diagonalizable matrix.

So now suppose neither matrix is diagonalizable. Writing A in Jordan form we
get a =b=d =1,c=0. Relations 2 and 4 now give g = k = 0, so we are done. [J

REMARK 40. e By Corollary 36, a matrix triple (A, B,C) € SLS? is not stable
if and only if it is reducible. Thus, the matrices in the singular locus correspond
exactly to points in the embedding that are not stable.

e In [2, p.18-20], it is shown for general 2 x 2 matrices that (4, B) is reducible
if and only if Tr(AB)? = TrA%2B?, and that (4, B,C) is reducible if and only if
(A, B), (B,C) and (A, C) are reducible and TrABC = TrACB. This corresponds
exactly to our above result.

We have now found a criterium for a matrix triple to be in the singular locus for
the SL2X3 case: this corresponds to the point not being stable. Now, recall that a
point being stable by definition means that its orbit is closed and the dimension of
the orbit is maximal. The following two properties also holds between the various
properties:

LEMMA 41. [2, p.25] Let z = (My, ..., M}) € Mk, ,. Then the orbit of x is closed
if and only if either (M, ..., My) is irreducible or (M, ..., My) is simultaneously
diagonalizable.

PROOF. See [2, p.25]. O

LEMMA 42. Let x = (My, Ms,...,M,) € M¥ ,. Then the orbit of x under
simultaneous conjugation is smaller than 3 if and only if all matrices commute.

PROOF. Suppose we know the that dimension of the orbit of one matrix, say
M, under conjugation equals d. Then the orbit of (M;, Ms) under conjugation is
also d if and only if for any similarity matrix @, the implication

(3.8.2) QM,Q™' = M, = QMQ™' = M,

holds. This is because should the dimension be larger than d, we need to have
QMlQ L= QM;Q ! but QM>Q ! # QM,Q~! for some Q, Q. But conjugating
with Q! then gives Q1QM;Q~1'Q = M; but Q QM,Q~1Q # My, so (3.8.2) is
broken for Q = Q~1Q.

Now, all matrices commuting means that either all matrices are simultane-
ously diagonalizable (if one matrix is diagonalizable, then for the other matrices to
commute with it, they must be diagonalizable as well), or they can all be simul-
taneously conjugated to upper triangular form with +1 on the diagonals (by the
same argument).

In the first case, diagonalize the matrices; then they have common stabilizer
Sy = {diag(A,A™!) | A # 0}; in the second case, the matrices have common stabi-
lizer

(3.8.3) 52:{((1) i‘)p\e@};

in both cases the condition (3.8.2) clearly holds. Since the orbit of any one matrix is
at most 2-dimensional (it is limited by the invariance of the trace and determinant),
the orbit of the tuple must be at most 2-dimensional as well.

Conversely, suppose the orbit of some tuple  has dimension smaller than 3.
Suppose one matrix, say M, can be diagonalized to diag(\, A1) for some \ # +1.
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Then already the orbit of x is 2. For the dimension of the orbit of x to be < 2, then
all other matrices must be stabilized by S;. But as we know these matrices act as

A0 [ a b\ _ a A%b
0 ! c d) \ 2% da )
so we must have b = d = 0, and all other matrices are diagonal matrices and

commute withM;.
Now suppose one matrix M; cannot be diagonalized, so its Jordan form is

1 1
(b 1)
The orbit of this matrix is also 2: it consist of all matrices with trace 2 and determi-
nant 1 other than the identity. Then for the dimension of the orbit of z to be < 2,
all other matrices must be stabilized by Ss. One checks that this means that all
matrices must be upper triangular matrices with +1 on the diagonal, commuting
All this leaves is the trivial case of all matrices being equal to +Id. This
concludes the proof. O

Combining everything, we get:

PROPOSITION 43. For any k-tuple of matrices in SLs, we have the following
set of equivalences and consequences:

—stable < reducible < commute A —closed
closed < —reducible V simult. diag
simult. diag = commute.

For a 3-tuple, we know that reducibility is equivalent to the tuple being mapped to
the singular locus of the algebra of invariants.



CHAPTER 4

The matrix space as a representation

We now look at our space of matrices with the S Ly action in the general context
of SL, representations. First, we very briefly describe how the representation theory
of SLy, and, indeed, representation theory itself, works. Then we describe what
happens in our situation.

4.1. Representation theory of SLs

4.1.1. Representation theory: a crash course. One main goal of repre-
sentation theory is to classify, up to isomorphism, all possible representations of a
given group. We introduce some basic notions.

If W is a subspace of V that is closed under G, then W is also a G-representation:li
it is called a subrepresentation of G. A G-module V has at least two subrepresenta-
tions: the trivial representation {0} and V itself. If these are all subrepresentations
of V, then V is said to be irreducible.

A G-representation V is reducible if we can write it as a direct sum V =
W1 & Wy of G-representations (of course, Wi = Wi ¢ {0} and Ws = {0} + W,
are then subrepresentations of G, so V is not irreducible). A G-representation V'
is called completely reducible if it can be written as a direct sum of irreducible
G-representations.

If G satisfies certain conditions, then in this way we can write any finite-
dimensional representation of G as a direct sum of irreducible representations. This
way of writing is then also unique up to isomorphism. Representation theory, then,
is concerned with determining, up to isomorphism, all these irreducible representa-
tions of a given group.

4.1.2. Irreducible representations of SLs;. The representation theory of
SLy is well-known and quite simple. Any finite-dimensional S Lo-representation
can be written as a unique direct sum of irreducible representations. Also, for any
0 < n € N there is a unique irreducible representation of dimension n 4 1, which is
denoted [n]. This representation can be seen as

[n] = {f € Clx1,22] |f is homogeneous of degree n};

S Lo acts on this in the obvious way:

a b\ e [ @ b\ — b+ d
c d 1 = axry CT2; c d To = 01 Z2.

When writing down direct sums of these irreducible representations, often the direct
sum symbol @ is denoted by +, and a direct sum of k£ times the irreducuble repre-
sentation [{] is often denoted as k- [I]. For instance, we could write [0] @ [0] @ [4] & [6]
as 2-[0] + [4] + [6].

4.1.3. Some isomorphic representations. We now look at the action of
SLs on vector spaces of matrices by simultaneous conjugation. We denote this

44
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Go(i Z)zG(Z Z)Gl.

PROPOSITION 44. As a SLs representation by simultaneous conjugation My is
isomorphic to [2].

action by o, eg:

PROOF. One checks that the following linear map ¢ : My — [2] gives an iso-
morphism:

My = [2]
0 -1
(0 0) =
1/1 0 _
00 )
(V0) - a

For instance, one checks that

o2 n)e(o ) = o

(2 1))

O

2
ac —a

< 9 >—a2~x%+2ac~x1x2+cg~¢)x§

a

c

PROPOSITION 45. The following isomorphism of SLo-representations holds:
2] ® [2] = [0] + [2] + [4].
Proor. We introduce the following notation for the basis elements:
2] ® [2] = span{z; @ x;}; [2] = span{y?, vayo, y3}; [4] = span{ziz; "},

We can then check that the following linear map ¢ : [0] 4 [2] + [4] — [2] ® [2] defines
an isomorphism of S Ls-representations:

Ol +[21+[4 = e[
1 o 22@22+2i02? — 25120 @ 2129
v o 22 @xixe — 1170 ® 23
Y1y2 < 5(90%@333 — 5 ®a3)
y% — $1$2®m§ —x%@xlxg
z‘f — l’% & 1’%
1
Buy o 5(:13% ® T1T2 + T120 @ T3)
1
222 o 6(:13% R+ 47120 @ T1T2 + 25 D 27)
1
225 o 5(331302 ® T2+ 12 @ 2122)

2y x% ®x%.
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For instance, for a matrix M = (2Y) one checks that

¢(M-yf) = oé(a®yi +2acy1yz + *y3)

1
= a* (2] ® w20 — 2172 ® 27) + 2ac- 5(3:? Qi —r3®@27) +

¢ (2122 ® 23 — 25 @ T122)
(a®be — a®d) - 2129 ® 23 + (abc® — a’cd)2s @ 22 +
(a®d — a®be)z? @ 120 + (be — ac’d)x2 @ x1x0 +

(a*cd — abc?)z? @ z3 + (ac’d — be )z 29 ® 23
= M- (22 Q120 — 2122 @ 22)
= M- o(y).

The calculations with the 223~ basis elements are longer but similar. O

4.2. Representation theory of ()
We are styding

Q:{(Z Z):A|ad—bc:A2}CP4.

By definition, to find its stable and semi-stable points, we need to look at the SL,
action on the corresponding affine space in V' = A%. We now do this by looking
at this space as a SLy representaton. But we can write V = MY @ C & C, and
SLs acts trivially on the C’s, so by Proposition 44 we have the isomorphism of S L,
representations

V = [2] @ [0] @ [0].

Now again by Lemma 27, a point of V is unstable if and only if there is a one-
parameter subgroup diag(t,¢~!) with all positive weights.

But now note that the action of diag(¢,#~1) on the irreducible S La-representationsf]
is easy to describe: we have

t 0 kol _ k=l ko1
(0 1 )xlxzzt T{xy.

But then the only basis element of [2] @ [0] @ [0] with positive weight is 22, so the
set of unstable points is {Az? |\ # 0}; under our representation isomorphism this

corresponds to the matrices
0 A
(92 )soms0).

This corresponds to our earlier results.

4.3. The @ x Q-case
Similarly, @ x @ is a subset of P(V'), with corresponding affine space V.
V=(MaoCaeC) e (M eCaC).
4.3.1. An isomorphism of representations.
PROPOSITION 46. We have the following isomorphism of S Ly-representations:

V=[4]+5-[2]+5-0].
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PRrROOF. We have:

Vo= ([2J+2-0)® (2] +2-[0])
> 2l®2]+2-0)®[2]+2-[2]®][0]+4-[0]® [0]
= (4] +[21+[0))+2-[2]+2-[2] +4-[0]

1

[4]+5- 2] +5-[0];

here, we used Proposition 45 and the trivial representation isomorphisms [0] ® V' =
V=Vl

Let us write out this isomorphism ¢. Let us write the basis elements of [4] +
5-12]+5-[0] as akay ", yF227% (1 < i < 4), v (1 <i < 5). Using our earlier
calculations, we can find the elements of V' to which these basis elements correspond.
Let us denote the basis elements of MY ® C @ C as

{em.en.(35) .}

2

Then the basis z¥23 " corresponds to the following matrices: g
4 0 -1 0
1< (00)®(67%)
1 19 1/1 9
3 0-1 2 2 0 -1
LT1L2 < §(oo)®<o_%)+§<o—%)®(00)
2 2 Lo ooy, A3 0 30 L oo 0 -1
TiTy 7(00)®(10)+7<0_l)®(0_l)+7(10)®(00)
6 6 2 2 6
1 1 1
nay < $((55)e0h+ade(: )
2 0 2 0 2
73 = (19 @(f).

There is one [2]-module coming from [2] ® [2]:

_ 10 10 _
e e h)-(G5)e6)
1 1
ma < S (3o -0 @)
10 1 9
2 - (1%)e0n-0ne(ly),

and four coming from [2] ® [0] and [0] ® [2]. The basis elements 523~ * and y522~%
correspond to

vha < (67) ®{<§
Y{2,3}%{2,3} < (% 70 ) ® {(
Zasy © (?8)®{ %,%),A};

the other two are symmetric. Finally, we have 5 [0]-modules. Four of them are
from the traces and determinants of the matrices:

s = {(1 %) ) {(1 %) ).

and the last one comes from the [2] ® [2]:

m=(HeEN+ane @) -2(2)e ().
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For example, one can check that this element of V is indeed invariant: let M =

(‘;Z),then:
Movs = Mo (J")@(IN+Mo(99)®( ‘01)—2M<>(%70%)®(%70%)
2

0

0
() (3 2) + (o) e (e )
(Nt e (k)
(a®h* + a®b* — 2a°°) (3—01)®(0—1)+
(a*bd + b*ac — ab(ad + be)) (§

(a*d® + b*c® — 2abed) (§ ) g

= 0-(§) @ (8 +0- (9 1)®(§°)+1(8#)®@®+m

= Us.

4.3.2. Unstable points. Now similarly to what we did above, we can find
the set of unstable points of V: this is simply the union of all the unstable points in
the irreducible subrepresentations. For the copy of [4] in V/, this is span{z}, 23z},

and for each copy of [2], we get span{yZ}. In all, we get a 7-dimensional subspace
of V' of unstable points. We note that

stm) =3 () e 6+ e ().
o =35 (1) e -8 (Ey)).
But then we can take the sum and difference of these basis elements to obtain:
PROPOSITION 47. Up to conjugation, the unstable points of V' are:
span{p(x1), o(@lws) + d(y1), d(ataz) — 6(y7), D(v3), 6(3), G(y3), b(u3) }
= span{(§ ) @ (§3). (8 @ (5 5). (E) 2. (8 @A,

a0 (3.2 @) (55)e @

But note that this corresponds exactly to our results in Lemma 30.

VU

4.3.3. Generalization to more matrices. When repeating the above cal-
culations for more copies of ), we need to repeat the argument of 46 to write the
vector space in terms of irreducible representations. For example, for three @’s the
calculation would look like:

Vv

1%

(2] +2-[0]) @ ([2] +2-[0]) @ ([2] +2- [0])
([ +5- 2] +5-[0]) ® ([2] +2-[0])
4@ 2 +5-[2]@[2]+2-[4] +10-[2] + 10 [0].

One see that this involves calculating more representation isomorphism as in 45.
We did not look into this further.

1%

1%
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